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On a Formal Treatment of the Rayleigh-Schrédinger
Perturbation Theory
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The formal treatment of the Rayleigh—Schrodinger perturbation theory based
on a first-order iteration procedure as described in a previous publication is
discussed with reference to the properties of the terms of a Taylor series.
The formalism is generalized to allow for multiple perturbation.
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1. Introduction

For the eigenvalues and eigenvectors of a perturbed Hamiltonian in Rayleigh—
Schrédinger (RS) perturbation theory, formal solutions can be derived by different
procedures such as the direct solving of the set of perturbation equations [1-3],
operator techniques [4-6], or analytical methods [7, 8]. Based on a first-order
iteration procedure, a new concise and useful operator treatment of the RS
perturbation theory was developed in collaboration with E. Ruch [9]. Although
there are similarities in form, this treatment and the Lie-algebraic treatments of the
perturbation theory [10, 11] are quite different perturbation schemes. The first-
order perturbation iteration method called FOPIM [12, 3] for the derivation of
explicit solutions of the RS perturbation equations also differs from our method
since in that procedure, in contrast to ours, for each iteration a specific operation
is performed.

For non-degenerate states, our formal treatment of the RS perturbation theory is
based on the fact that the first-order eigenvector expressed in terms of unperturbed
eigenvectors and of the perturbation operator can be used as a “zeroth-order”
term for the calculation of an improved “first-order” correction which is equal
to the second-order eigenvector. This process can be iterated. Thus, the #’th-order
term f® of the power series expansion Y, A"f® for a RS eigenvalue or eigen-
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vector is expressible in the compact form f®=(1/n!) 4"®, where 4 is a con-
veniently defined operator. The procedure permits the determination of the explicit
expressions for the energies and eigenvectors in non-degenerate RS perturbation
theory in a systematic and easily understandable way.

The method can be used correspondingly to determine, for instance, the RS
expressions for projectors onto degenerate subspaces. There exists an analogous
treatment of the Dirac perturbation theory for state vectors, for the evolution
operator, the statistical operator, or for quantum mechanically conserved
quantities [13].

The formalism was proved to be well adapted to certain physical questions in that
it provides insights into structural features of perturbation expressions which, in
general, might not be provided by the usual formulation such as the connection
between the »’th-order and (n-+1)th-order terms. This was demonstrated by a
simple proof of a linked cluster theorem [9, 14] and the quantum mechanical
adiabatic theorem [13]. In these applications, extensive formal calculations could
be replaced by a direct conclusion. Another advantage of the iteration method
over the usual methods is that a detailed approximation calculus can be systemati-
cally carried through. For instance, the quantum mechanical expression for the
electric polarizability can be calculated from the expression for the electric dipole
moment, the expression for the hyperpolarizability from that for the polarizability
etc. [9].

In the present paper, we discuss the iteration method [9] with reference to the
properties of the terms of a Taylor series. The restriction on the spectrum of
the unperturbed Hamiltonian to have no continuous part as was assumed in the
earlier work can be dropped so long as the unperturbed energy eigenvalue
considered belongs to the discrete spectrum; furthermore, the perturbed Hamil-
tonian may be a general analytic function of the perturbation parameter rather
than a linear function. The formalism can easily be generalized to allow for
multiple perturbation. We shall develop the formal solutions for the energies and
corresponding eigenvectors in non-degenerate RS double perturbation theory by
introducing two suitable operators corresponding to the two perturbations. In
the Appendix, the relations which define the operator 4 are summarized as well
as some of the properties of this operator.

2. Formal Treatment of RS Single Perturbation Theory

The RS perturbation theory is concerned with the determination of the isolated
eigenvalues E, and eigenvectors |s) of a Hamiltonian # =Y, A" ™ which, for
2—0, tend to known isolated solutions E® and |s°), respectively, of the un-
perturbed Hamiltonian # *; the # ™ are Hermitian operators and A is a real
parameter. It is assumed that the structure of the operators #™ permits the
energics E, and the vectors |s> to be expressed also as power series in 4, so that

H=Yr#®,  E=YIE", |o=3 "> )
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The RS procedure, as usually presented, consists in substituting these series into
the equation # |s) = E; | s), in solving recursively the set of perturbation equations
obtained, and in expressing the n’th-order solutions E{” and |s*} in terms of the
operators #° Y, j=0,1...n, and of unperturbed quantities [3].

2.1. First-Order Iteration Procedure

Writing now the power series (1) in the form

F)= Z?»f(i)! =Y A it L0 LT o=,
we arrive at
SAO)  =tensen. (2)

This formula forms the basis for our discussion of the RS perturbation theory.
According to (2a), the first derivative of a product []; g™ of n;th-order per-
turbation terms g{"” is obtained by substituting for all / the sum g + A(n, + 1)g{™+ 1
for g, collecting the terms of the first order in A, and dropping 4; for example,
we have

f(n)zg(m)g(nz) (ny+ny,=n)
=(n+ D" V=(n, + g " Vg + (ny + g gy b, (2b)

Thus, the transformation from /™ to /* ) corresponds to using /™ as a “zeroth-
order” term and to calculating the “first-order” perturbation correction to it.
Thereby, the first-order perturbation correction to a sum is the sum of the
corresponding corrections of the summands and the first-order correction to a
product is the sum of those products, each of which coincides with the given
product except for one factor which is replaced by its first-order correction.

Let /) be equal to the RS expression for a solution |s!); the factors g then
are unperturbed vectors |s°), (s°|, the operators #° () and (#©®— E@)~1 egc.:
the corrections g{***) are again expressible in such terms and the operator 3#° (2’.
Thus, the repeated treatment of |s') according to the simple procedure (2b)
permits the construction of the explicit expressions for particular n’th-order
solutions |s"). Given an expression for |s'), the perturbation energies £ can be
computed correspondingly from E{% = (5% )|s%>.

The procedure is applicable only if the perturbation corrections to the number 1
and to the unity operator are defined to vanish and if, on the other hand, all zero
terms are included which are determined by the perturbation equations and have
non-vanishing corrections. Such terms appear in the degenerate case; for example,
the difference E{~ E(Y is equal to zero for = E(” = E{”, but E{ 0 _ E! need
not vanish. Therefore, the method provides no advantages for the determination
of the eigenvalues and eigenvectors in degenerate RS perturbation theory.
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If, however, E® is a non-degenerate eigenvalue, the first-order expression
s*> =2 |s° is determined by just the first-order Schrédinger perturbation
equation; no zero terms whose corrections could contribute are provided by the
perturbation equations. For constructing the perturbation vectors |s” in arbitrarily
high order by our procedure, it is thus sufficient to know this explicit expression for
s'>, the operators s, and the first-order correction to the reduced resolvent

2= (1~]s"<s%) s <s°). (32)

1
EO—#© -
90 is evaluated again according to (2b). Using the equation 1=[4 ~']©4©
which gives [4 1P = —[4"1]O4D[4717® one finds

2N =20V~ EM) 2P — 90904 D50 (s°| = |5 (50| V2027, (3b)
If the spectrum of #° ¥ has no continuous part as was assumed in [9], the operator
Yies |12 <2°| could have been used instead of 1—|s°) (s7).

For example, the explicit expression for the second-order eigenvector |s*) is
determined from

|s*> =205 V|5
as follows

52> =3{2M# Vs> + 22074 |5 + 204 V(s }.
This vector satisfies the condition of normalization of |s) to unity in second order
and fulfils the equation Im{s° | s*>=0. The example gives rise to consider the

normalization and the specific structure of the eigenvector computed by means
of our first-order iteration method.

1) The perturbed eigenvector |s>=3", A"|s"> is normalized to unity if |s°) is
normalized to unity and if the n’th-order term |s"), n3>2, is constructed by means
of the repeated transformation of |s') according to (2b). This follows from the
fact that the normalization condition for the n’th order, differentiated according
to Eq. (2b), is transformed into that for the (n+ 1)’th order:

O,n+1

O,n
S (TR =80, —— (1) Y (sF|smTTEY=0.
k k

The procedure, therefore, does not permit the use of the intermediate normalization
condition sometimes adopted which means that |s") for all #>1 is taken to be
orthogonal to |s°>. In case two unperturbed vectors are orthogonal, the corre-
sponding perturbed vectors are also orthogonal.

2) The expression for the n’th-order vector |s">, n>2, including its phase terms, is
determined uniquely by the iteration method starting from |s!> =25,
Since |s') is chosen to have the property

Im(s®| sy =0, (4a)
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the higher-order terms Im{s°|s") are also fixed by the procedure. We find, from
(2a) and (2b),

Im(s® | s?>=0, Im{s°|s*)=—3Imd(st |52,

Im(s® | s*)=—4Im{s' | s, ... (4b)
The vectors thus obtained have the form

s> =[5,

Is?> =5,

I35 = [%> — Imds" | 525]s%), (4c)

s*>=[3*> —£Im{s? | ) [3') —4Imds? | s7)]s%, . ..
The vectors |§"> are the conventional n’th-order solutions for the RS eigen-
vector [§y= Y, i"|5") satisfying the conditions of normalization to unity for the

various orders as well as the equations Im{s°|§"y=0. As can be seen from the
Egs. (4¢), our procedure, in general, does not take |3") into (n+1)[5"* ).

The specific structure of the vectors |s") in Eq. (4¢) results from the following
fact. In contrast to the solution for the energy, the solution for a corresponding
eigenvector is not uniquely determined by the perturbation equations since an
eigenvector is only defined up to a multiplicative constant. Thus, besides the
solutions |3"), the linear combinations

1,n
/","[s">=)."<|§">+ Y a<k>y§"—k>>, n=1,2,...N (5a)
k

with arbitrary coefficients a® also satisfy the perturbation equations up to and
including the N’th order; we have specified |s®>=[5"). If we then require the
perturbation solutions |s)» and |3) for the eigenvector to be normalized to unity,
the terms a™ turn out to have fixed real parts, but arbitrary imaginary parts
expressing the fact that the perturbation equations allow a n’th-order eigenvector
to have an imaginary multiple of the unperturbed eigenvector added to it. The
multiplicative constant is reduced to a phase factor,

1,0 1,
1+ Y 2a™=exp(ia), a= ) o™ (5b)

with real «”s; the various normalized solutions differ from one another as do |3
and |5 =8> exp (ix). Let the solutions |[§") satisfy Im{s° | 3">=0 for all », then,
because of Eq. (5a), the imaginary part of ¢® has the form

ImaV=Im{s° | s'),

1,n—1 (SC)
Ima"=Im(s° | ">~ ¥ (Ima®)(s%| 7%, n>2.

k

Given the eigenvector |s) through the (n — 1)’th order as well as the term Im(s° | 5",
according to Eq. (4a) and (4b), respectively, we can calculate Ima™ and, from
Eg. (5b), the terms o™ and Rea™. Thus, Eq. (5a) is reduced to Eq. (4c).
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Since the solutions |s) and

O,n O,n
Yoy = Y L.
k k

5> of (4c) differ only in a phase factor, we have

The perturbation energies E™, therefore, are computable by the new scheme from
(s°# @[5> with the aid of the vectors |3}, as expected.

Thus, the explicit RS perturbation expressions can be constructed systematically
by the first-order iteration procedure, according to (2b). For the derivation of in-
creasingly higher-order expressions, the extent of the corresponding calculations
increases rapidly and the method soon becomes unpractical. Its essential advantage,
however, is that it reflects the connection of the RS perturbation series terms in »n’th
order and (n+ 1)’th order. A formalization of the procedure is achieved by the use
of a suitably defined operator.

2.2. The Operator 4

In [9], the operator z was introduced to formulate the first-order iteration
procedure in a simple and compact form. 4 is defined to transform |s°) into
20 D|s%, #™ into (n+1)# """ and to act on a function of such quantities
as a differential operator; its formal properties are summarized in the Appendix.
As is shown there, the total Hamiltonian can be put in the form

H =exp (Ap)H O exp (— A p). (6a)

In the non-degenerate case, the RS expressions for the n’th-order terms [s") and
E{" can be constructed by the repeated application of 4 to the unperturbed terms

1 n n 1 n
[y = A%, BN = fE (6)

it follows that
sy=exp GA)|s®,  E,=exp (A)E®. (6¢)

If E\9 is an eigenvalue of »# (¥ with finite degeneracy, it was observed [9] that the
operator »# can be used to construct the RS projector 2= 3, i"2{ whose
zeroth order 2{? is the projector onto the subspace of # ¥ corresponding to
E®. We have

,@s‘”’=% [ 4, 20,, P =exp (Ap) P exp (— 1 4). (6d)

The formalism can be extended to similar quantum mechanical expressions
which are invariant in each order under rotations of the basis in degenerate sub-
spaces. For example, the perturbation corrections to tr (Z{9% ) can be calculated
by means of 4 if the commutators [ #, Z©], of 4 with the operator #© are
known.
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3. Formal Treatment of RS Double Perturbation Theory

The formalism presented for the RS single perturbation theory can easily be
extended to the case of the double perturbation theory where

1,0 1,0
H=HO+ Y mame Y maw (Ta)
m n

with 4,, 2, being different perturbation parameters and the #{” being Hermitian
operators. We shall discuss the double perturbation corrections to a non-
degenerate eigenvalue E{°” and the corresponding eigenvector |s°°) of #(?); the
perturbed eigenvalue E, and the perturbed eigenvector |s) are assumed to be
expansible in double power series in the parameters 4, and 4,:

E;= Y JTBEM™, sy= Y amin|s™. (7b)

If E°? is degenerate, such an expansion is, in general, not valid. By inserting the
series expansions (7a, b) into the Schrédinger equation, one gets a system of
perturbation equations which is usually solved as in the case of the single per-
turbation [3].

We now introduce two left operators 4, /,. In addition to their definitions which
are equivalent to those of the operator 4 in the case of a single perturbation (see
Appendix), we need a definition of their sum and product as well as of the
application of 4, to #°{" with i#/; obviously, we define

1_’S00><S00|'

ES(OO)—%(O) ’

[ﬁi,%;-")]:() if i#j; 8)
(fit+ p) = pi S+ 1 1, s i = pi (i f)-

Thus, the operators 4, and s, can repeatedly be applied to 5#° (), |s°°> and E°?.
Using Eq. (6a) and the relation

[ oo Loy #OT]=0 if i),
we can put the Hamiltonian in the form
A =exp (A1 /1) €xXp (A 22) "V €xp (— 2z fb3) €XP (= Ay 1)
=exp (Zy/02) €Xp (L1 /o1) A ' exp (=1 /31) €Xp (— 5 /02) ©)
=eXp (g fog + Ag fo) A eXP (= Ay o1 — Ay o)

To construct formal solutions for |s™ ) by the repeated application of the operators
#1, o2 10 |s°%>, we choose the first-order solutions as

|S10>=ﬁ1|500>, |S01>:%21S00>.
We consider the (1, 1)’th-order solutions

lsn>(12):ﬁ1/&zlsoo>’ ’SM>(21):/’/2%1‘S00>;

ﬁi |S00>:QS(OO)%§1)ISOO>’ ,,@;00)2
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they differ in phase terms: using the equations Im {(5s°°| 4,5°°>=0, i=1, 2, we have
for instance,

A Im (%% | s =Im (5" | %75 +Im (5% | 511D 45,=0
and get

[ A1 42][s°0> =™ D]s%), ot D=2 Tm(s®t | 1.

The terms 47 #5]s°°), therefore, are not invariant under distinguishable permu-
tations of the 4,;’s. The expression for a (m, n)’th-order eigenvector |s"") is a sum
of products of factors each of which, besides of |s°°), remains unchanged if
[ #1, #,] is applied. Thus, using the equation

Lt 2f e g=Lfors 21 S ) o gt Sl f15 /2219
we find
[ fors oad|s™ y = io{! V)s™>. (10a)

Equations of this type are not to be confused with equations such as 0|s»/01,04, =
0%|s>/04,00, for 2A;=24,=0.

The terms |s™ ) satisfy the set of perturbation equations obtained from J#’|s )=
E,|s); thus, only those sequences of operators of the type 47 45 applied to [s°%)
can generate the vectors |s™) which, when applied to #' @[50 = E{°?|s°%),
formally yield these perturbation equations. The following sequences of operators
fulfil this condition:

1 1 1

A A, 757 (m+n)!2ﬁ’1"ﬁ§, m,n=0,1,2,...

n!
mln! -

m!n!

In the first product, all the 4, operators stand to the left of the 4, operators;
this order is changed in the second product; in the third term, the summation is
to be extended over all distinguishable permutations of the 4, and 4, operators.
In this way, different sequences of vectors |s™ > are defined,

1
00
IS™ > 12) =l #5500,

1

™ S = AATS, (10b)
mn 1 m n|,00
s> =m§%1ﬁz|~v >

leading to perturbed eigenvectors |s» which differ in their phase factors only:
9D (12:=€XP (4 /41) €xp (A, 2)[s°%),
Is> a1y =€Xp (A3 /) exp (41 /21)}s°%), (10c)
[sD2=eXP (24 /o1 + 22 /2)I5°%>,
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where

’S>(12): exp (io‘sl)‘5>(21): exp (i“sn)|5>z-

These vectors are normalized to unity if |s°) is normalized to unity. The order of
sequence of the factors in the operator exp (4; ;) exp (4, ,), [ # j. indicates that
the perturbation 3, A7°{" in all orders is to be considered before 3", A7#°(".

As the phases in #,|s°°) and 4,|s°%) are fixed, the different phase factors exp (i)
and exp (io!T) are uniquely determined. Using the Campbell-Hausdorff formula
exp (4) exp (B)= exp (A4 + B+3[4, B]1++1;5[[4, B], B1-15([4, B, A1+ --+),

we have

’S>(12): exp (A1 [ fo1s 2]+ 52320 o1y [fors frad 1+ - - ')‘S>(21>
= exp Gl sl /1, 2] +%)~%/12[%1= [fss fo2 11+ - ')|S>z;
from (10a), the power series for «f and «” could explicitly be calculated.

Since the perturbation energies E™ are uniquely determined by the perturbation
equations and do not depend on phases, the term £7 44 E{°? is equal to 45 47 E{°?
for each pair of indices {m, n) and, therefore, independent of the order of sequence
in which the operators 44, 4, are taken into account; hence

[ /gy 2] ES™ =0, (11a)

Thus, the explicit expressions for the (m, n)’th-order energies £{™ can be con-
structed as follows:

1
— B for m=1
m
P pn B0 = . (11b)

mint _
S REMTY for nxl,
n

Es(mn):

where 2 475 denotes any permutation of the operators 4, #,. We can write
the perturbed eigenvalue E, in the form

E;= exp (4;4,) exp (22%2)5'3(00): €Xp (Aast,) €XP (’11%/1)Es(00)
= eXp (Ay oy + A2 i) ELOO. (11¢)

The Eqg. (11b) presents a well-known interchange theorem. For m,n>1, the
application of 4, to (1/m)E{™ ™1™ can be replaced by the application of s, to
(1/m) ECrD,

Thus, in RS double perturbation theory, we have obtained formal solutions for
an energy eigenvector and the corresponding eigenvalue whose zeroth order is
non-degenerate. The double perturbation formulas for other quantum mechanical
expressions such as projectors can be derived as in analogous cases of the single
perturbation theory. The procedure can easily be extended to the case of more
than two perturbations.
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4. Conclusion

The formal RS perturbation theory for non-degenerate energy states presented
for the case of a single perturbation has been generalized to allow for multiple
perturbation. By the use of suitable operators which are defined to generate the
first-order perturbation corrections with respect to the different perturbations,
formal solutions of the RS perturbation equations for the terms of the power
series expansions of energy eigenvalues and eigenvectors are obtained in a compact
form. The explicit perturbation expressions are constructible systematically by
the repeated application of the operators to the corresponding unperturbed
terms. Thereby, the uniqueness of the RS energies implies their independence of the
order of sequence in which the operators are applied to the zeroth-order eigen-
value; the eigenvector, however, depends on this sequence and the various
solutions differ in phase terms.

The perturbation expressions formulated in this way provide insights into some
of their interesting features as was illustrated by examples in [9] and [14] which
indicate where this treatment of perturbation theory has advantages over the
usual formulation. The formalism should be applied to further practical examples
such as the calculation of multipole moments of compound systems. It seems to
be useful to extend the investigations to diagrammatic methods of perturbation
theory.

Acknowledgement. The financial support by the Deutsche Forschungsgemeinschaft is gratefully
acknowledged.

Appendix

We summarize the definition and some of the properties of the operator 4 [9].

Let the Hamiltonian # be given as a power series >, A"#™ and E{? be an
isolated eigenvalue of # ). The left operator 4 is then defined as follows:

0 (0) (1] (O 0 0| 32 (1) 9(0) 0 _ 115"

a) s =20#D)s%, A =S D2O, 2 T EO_ O

b) ()= (n+ DA+ 0;

o) p(f+a)=4f+19;

d) pfeg=(af)eg+fopg;

) Af=p"(#"f),  AA=S

£) £'f=0,n=1, if fremains uncorrected, e.g. (4"1)=0.
With fo g we denote any product of f'and g; the notation (4f) ... indicates that
# is applied to fonly and not to factors on the right side of the brackets; for the
sake of consistency, the number 1 and the unity operator belong to the co-

efficient domain of 4 as well as zero terms which are not determined by the
perturbation procedure.
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If the application of 4 to the operator .« is defined, its application to the inverse
operator &/ ~* is obtained from

0=y ‘A =(pd NI+ pA.

In this way, the application of 4 to 2{* and, consequently, to the RS expressions
for E™ an) |s*) is defined in arbitrarily high order.

Introducing the sum

O,n 7k

A

(n) _ k

sy =)
Ek:k!

as in the discussion of properties of derivations [15] and, assuming 4 formally to
be nilpotent to the (n+ 1)’th power, i.e. 4" '=0, we find

i og=(7f)odg if 4"71=0
and forn — o
exp (A)f o g=(exp (Az)f) o exp (A4)g.

Because #"1=0, n>1, we have the result that the operator 4{” transforms un-
perturbed orthonormal eigenvectors with isolated eigenvalues into vectors which
are orthonormal up to and including the »’th order.

The application of 4 to an operator ¢ is described by the commutator [z, (]
as can be seen by the definitions ¢) and d). The definition €) now reads

(#O)=[ 4,01, with [ 0lo=0, [ Cl=[f [ 1]
and the definitions b) can be put in the form
[p, H O, =nlH™.

For the Hamiltonian we thus get the representation
/’{n
=Y A= exp UH exp (— 2.
- 1!

If E is a degenerate eigenvalue, the operator 4, in contrast to the non-
degenerate case, does not take a “correct” zeroth-order eigenvector |s0> into the
corresponding first-order expression as follows from the definition a). As discussed
in [9], the operator s, however, takes the projector 2% onto the subspace of
#'©@ corresponding to E(? into the first-order term Z{ of the perturbation series
for 2,= 3, "2, furthermore, 4 transforms 2 into (n+1)2"* Y provided
that the »’th-order term is written in the explicitly invariant form. This condition
takes into account the difference between 4[s)> and [s; > and means that a term of
the type

X Isp> B, sl = 2 Isi> syl Vs> <
P P
has to be replaced by
2. [so> <splt s3> <sgl.
p, oG
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As (9|4 V]sd» =0 for o5 p, both expressions differ in additive zero terms only,
the perturbation corrections of which, in general, do not vanish.
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